The Sun provides us with the only spatially well-resolved astrophysical example of turbulent thermal convection. While various aspects of solar photospheric turbulence, such as granulation (one-Megameter horizontal scale), are well understood, the questions of the physical origin and dynamical organization of larger-scale flows, such as the 30-Megameters supergranulation and flows deep in the solar convection zone, remain largely open in spite of their importance for solar dynamics and magnetism. Here, we present a new critical global observational characterization of multiscale photospheric flows and subsequently formulate an anisotropic extension of the Bolgiano-Obukhov scaling theory of hydrodynamic stratified turbulence that may explain several of their distinctive dynamical properties. Our combined analysis suggests that photospheric flows in the horizontal range of scales between supergranulation and granulation have a typical vertical correlation scale of 2.5 to 4 Megameters and operate in a strongly anisotropic, self-similar, nonlinear, buoyant dynamical regime. The theory lends itself to quantitative comparisons with future high-resolution acoustic tomography of subsurface layers and advanced numerical models. Such a validation exercise may also lead to new insights into the asymptotic dynamical regimes in which other, unresolved turbulent anisotropic astrophysical fluid systems supporting waves or instabilities operate.
Introduction
The solar photosphere is the stage of many spectacular (magneto-)hydrodynamic phenomena and it provides us with a unique observationally well-resolved example of strongly nonlinear thermal convection, one of the most common fluid instabilities and transport processes encountered in Nature and astrophysics (Kupka et al. 2007) . While some aspects of solar thermal turbulence, such as granulation, are now well understood (Nordlund et al. 2009 ), we still lack definitive answers to many important questions, such as how the turbulence organizes on large scales, how it interacts with and amplifies magnetic fields or transports quantities such as angular momentum or magnetic flux (Miesch 2005; Charbonneau 2014 ).
The most direct observational characterization of flows connected to the solar convection zone at scales larger than the granulation has been through measurements of Doppler-projected velocities at the photospheric level. In particular, even a simple visual inspection of Doppler images of the quiet Sun clearly reveals the pattern of supergranulation flow "cells", whose trademark signature is a peak around ∼ 120 − 130 (35 Megameters, Mm) in the spherical-harmonics energy spectrum of Dopplerprojected velocities (Hathaway et al. 2000; Williams et al. 2014; Hathaway et al. 2015) . The physical origin of this supergranulation is widely debated (Rieutord & Rincon 2010) . In particular, while the idea that supergranulation-scale flows may just be a manifestation of some form of thermal convection has a long history, it has often been dismissed due to the lack of photometric intensity contrast at the same scales. Besides, there is as yet no general consensus on local helioseismic estimates of the amplitude, depth and structure of subsurface flows at this scale (Nordlund et al. 2009; Rieutord & Rincon 2010; Gizon et al. 2010; Švanda et al. 2013; DeGrave et al. 2014; Švanda 2015) -or in fact at any scale larger than that (see, e.g., Hanasoge et al. 2012; Gizon & Birch 2012; Hanasoge et al. 2016; Greer et al. 2015; Toomre & Thompson 2015; Greer et al. 2016) . Numerical simulations of the problem have until recently also been quite limited. While their results have not led to clear-cut results and conclusions either (see reviews by Miesch 2005; Nordlund et al. 2009; Rieutord & Rincon 2010) , many of them suggest that meso-to supergranulation-scale flows have a convective (buoyant) origin (e.g., Rincon et al. 2005; Lord et al. 2014; Cossette & Rast 2016) .
In this article, we attempt to make further progress on this problem thanks to the high-quality observations of the solar photosphere provided by the Solar Dynamics Observatory (SDO) and to a new theoretical analysis. In Sect. 2, we present a global observational analysis of multiscale photospheric vector flows reconstructed from quasi-full disc Doppler and photometric data from SDO using a tracking technique. This analysis subsequently leads us in Sect. 3 to formulate a theory of anisotropic turbulent convection that may explain several distinctive dynamical properties of these flows. As further argued in Sect. 4, the combined results consistently suggest that photospheric flows in the horizontal range of scales inbetween supergranulation and granulation operate in a strongly anisotropic, self-similar, buoyant dynamical regime. Connections between these results and earlier work, as well as future perspectives, are discussed in Sect. 5. The main text of the article is focused on results. The technical details of the data processing and analysis are provided in the two Appendices.
Observations
Our observational analysis is based on 24 hours of uninterrupted high-resolution white-light intensity and Doppler observations of the entire solar disc by the HMI instrument aboard the SDO satellite Schou et al. 2012) . The data was obtained on October 8, 2010 starting at 14:00:00 UTC, one of the quietest periods of solar activity since the launch of SDO. Our analysis is distinct and independent of the recent studies by Williams et al. (2014); Langfellner et al. (2015) ; Hathaway et al. (2015) , and both confirms and extends some of their results.
Data analysis

Velocity field reconstruction
Our first objective is to reconstruct the three components (u r , u θ , u ϕ ) of the photospheric vector velocity field in the angular degree range 20 < < 850 from available observations. To this end, we perform a Coherent Structure Tracking analysis (CST, Roudier et al. 2012) of photometric structures such as granules. This technique provides us with the projection of the photospheric velocity field (u x , u y ) onto the plane of the sky/CCD matrix (Fig. 1) . We can then combine the results with Doppler data, which provides the out-of-plane component u z of the velocity field, to calculate the full vector velocity field at the surface in solar spherical coordinates,
where B 0 = 6.3
• is the heliographic latitude of the central point of the solar disc at the time of observation. The reduction and filtering of the raw photometric and Doppler data required to build a consistent data set for (u x , u y , u z ) is described in detail in App. A.
Spherical-harmonics analysis
The reconstructed vector field u(θ, ϕ) = (u r , u θ , u ϕ ) is expanded in terms of vector spherical harmonics as
where (vortical) parts of the horizontal flow components. Global maps of the horizontal divergence and radial vorticity at the surface are obtained by mapping back − ( + 1)s m /R and ( + 1)t m /R to physical space. The corresponding one-dimensional radial, spheroidal and toroidal energy spectra are given by
respectively. The ( + 1) prefactors in E S and E T result from the definition of the spheroidal and toroidal vector spherical harmonics basis vectors. The technical aspects of the harmonic-transforms procedure of SDO/HMI data are described in detail in App. B. Here, it suffices to mention that the data must first be apodized because we only see one side of the Sun, and we must eliminate near-limb regions where the CST analysis is not reliable. Besides, as will be shown below, the radial component of the flow is very weak and can only be tentatively determined using data close to the disc centre to limit contamination by the intrinsic algorithmic noise of the CST in the deprojection process. We therefore use an apodizing window with a 15
• opening heliocentric angle from the disc centre to compute the spectra of the radial and line-ofsight (Doppler) velocity fields, and a window with a 60
• opening angle to compute the spectra of the horizontal velocity field. The general mathematical definition of these windows is provided in Eq. (B.5). Figure 2 shows maps of the horizontal divergence field ∇ h ·u h derived from a single snapshot of the 30-minute-averaged horizontal surface velocity field (u θ , u ϕ ) using the spherical-harmonics spheroidal-toroidal decomposition into divergent and vortical motions. The pattern is dominated by supergranulation, whose divergent morphology is revealed in the close-up panel using • from the disc centre. Right: local map at the disc centre of the divergence field convolved by horizontal-flow Lagrangian trajectories using a line-integral convolution visualization technique. The map in the right panel is a zoom on the square patch in the left panel. a line-integral convolution technique highlighting horizontalflow Lagrangian trajectories (Cabral & Leedom 1993) . Figure 3 shows a local map in the same disc-centre zone of the 24h-averaged u r , superimposed with horizontal flows averaged over the same time scale. There is a noticeable correlation between the weak upflows (downflows) and horizontal divergences (convergences) at the supergranulation scale. Figure 4 shows the spherical-harmonics radial, spheroidal and toroidal energy spectra E r ( ), E S ( ), E T ( ) of the 30-minuteaveraged velocity-field components. The horizontal divergent component is energetically dominant at all scales probed: the corresponding spheroidal spectrum E S ( ) exhibits a clear peak at the supergranulation scale ∼ 120, corresponding to a typ- at ∼ 120. The spectra of the different flow components behave differently for > 120: the spheroidal E S ( ) and radial E r ( ) spectra respectively decay and increase with decreasing scale, while the toroidal spectrum E T ( ) is almost flat. The exact shapes of the weaker and noisier E r ( ) and E T ( ) are moderately sensitive to the processing and averaging of the data, but the general trend described here is robust 1 . The spectral falloff at > 500 is due to the intrinsic 2.5-5 Mm CST spatial resolution down to which the vector-field reconstruction was performed. The different power laws that these apparently self-similar spectra follow for < 500 will be discussed in Sects. 3.3 and 4.3.
Results
Velocity field maps
Energy spectra
Vertical correlation scale
Finally, we estimate the typical vertical correlation scale λ r of these subsonic flows as a function of horizontal scale λ h = 2π/k h (or of the angular degree = k h R ). This can be obtained from mass conservation relation
where u h and u r are the horizontal and vertical velocity fluctuations (because the medium is stratified, here λ r serves as an a priori proxy notation for either the radial wavelength of the perturbations or the local density scale height, whichever one is 1 As explained in App. A.2, it is very difficult to separate the Doppler contributions of the large-scale spectral tail of granulation from those of the radial component of the large-scale motions otherwise detected by the CST. Consequently, and while we did our best to remove the largescale contribution of granulation from the Doppler data, our results for E r ( ) in the range 120 < < 500 still probably slightly overestimate the actual amplitude of the radial component of flows not associated with granulation. We also find that E r ( ) lies somewhere between 10 3 Angular degree Spectral energy E( smaller). We therefore define
and plot this quantity in Fig. 4 (inset) for 30 < < 500. Remarkably, the typical vertical correlation scale does not vary much in the range 120 < < 500 ( (Nordlund et al. 2009 ).
Main conclusions
The observational analysis presented above leads us to the following conclusions.
(i) The predominantly divergent nature of horizontal flows for 120 < < 500, and the correlation of positive (negative) divergences with upflows (downflows) suggest that the dynamics in that range are driven by buoyancy. (ii) The ratio of u h to u r suggests that motions are strongly anisotropic (λ r λ h ) and strongly feel the effects of stratification, with the vertical correlation scale of order the density scale height. (iii) The significant energy content of horizontal motions and their spectral break at the supergranulation scale, followed by the apparent power-law decay of their spectrum at smaller horizontal scales, suggest that supergranulation corresponds to the largest buoyancy-driven scale of the system, below which some form of nonlinear cascade takes place.
Theoretical considerations
Let us now attempt a theory of anisotropic turbulent convection that could explain these observations. As argued by Rincon (2007) , a good starting point is the Bolgiano-Obukhov (BO59, see Oboukhov 1959; Bolgiano 1962 ) phenomenology, which is based on the assumptions of (i) a constant spectral flux of buoyancy fluctuations follows from the temperature/energy equation, (ii) a balance between the inertial and buoyancy terms in the momentum equation, (iii) isotropy of motions. BO59 predicts a k
thermal spectrum, and a steep k −11/5 velocity spectrum. For the Sun, the latter is ruled out by Fig. 4 for 120 < < 500. This is not very surprising because, while the first two BO59 assumptions make sense in the present context, the isotropy assumption must manifestly be false because λ r λ h (see Sect. 2.2.3).
Theoretical framework
An anisotropic generalization of BO59 may be derived from the following set of dynamical equations valid in the Boussinesq and anelastic limits:
Here ρ 0 is the mean density, u denotes velocity perturbations, p denotes pressure fluctuations divided by ρ 0 , Θ = Θ 0 + θ is the actual temperature in the Boussinesq limit, and the potential temperature (Pρ −γ ) 1/γ in the anelastic limit, Θ 0 (r) is its horizontally averaged part and θ its fluctuations around this average, ν is the kinematic viscosity, κ is the thermal diffusivity (κ ν in the Sun), and g = −g e r is the acceleration of gravity.
Phenomenology of anisotropic turbulent convection
The solar convection zone underneath the thin thermal boundary layer at the surface is in the strongly nonlinear convection regime, so its thermodynamic profile is very close to adiabatic and Θ 0 is almost independent of r. We may then argue that the thermal injection term on the r.h.s. of Eq. (11) is small compared to the nonlinear advection term on the l.h.s.. Similarly to the Kolmogorov phenomenology in hydrodynamics (K41, see, e.g., Davidson 2004) , which postulates a constant flux of kinetic energy in the inertial range (δu 3 /λ ∼ const), the dynamics in this "thermal-inertial" regime is characterized by a constant flux of θ variance from scale to scale:
where ε θ = κ|∇δθ| 2 is the (time) average dissipation rate of thermal fluctuations (equal to their injection rate) and δ denotes increments of fluctuations between two points separated by a horizontal separation vector λ h at a constant radial coordinate. Equation (13) effectively corresponds to BO59 assumption (i). This can in fact also be formalised on the basis of Yaglom's exact law for dissipative scalars (Monin & Yaglom 1971; Rincon 2006) , which Eq. (11) obviously satisfies if ∇ r Θ 0 = 0. Similarly to BO59 assumption (ii), we seek a buoyancy-dominated dynamical regime balancing the inertial and buoyancy terms in Eq. (10), but we will drop the isotropy assumption, expecting instead that λ r λ h . The result of this is
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The small (λ r /λ h ) 2 prefactor on the r.h.s. accounts for the partial cancellation of buoyancy by the pressure gradient in the vertical direction, as a result of the horizontal redistribution of buoyancy work by pressure forces (this prefactor also appears in the dispersion relation of gravity waves in the limit λ r λ h ).
Scaling laws
Equations (13)- (14), combined with the mass conservation relation Eq. (8), lead to the following self-similar scaling relations,
As a consistency check, we can see that the isotropic BO59 pre-
is recovered if we set λ r = λ h . Here though we are instead interested in a strongly stratified regime in which the typical vertical scale height H ρ of the system is much smaller than λ h . We therefore treat λ r as a simple parameter equal to H ρ in Eqs. (15)- (17), as also suggested by our observational result of Sect. 2.2.3. Doing this results in the following power-law energy spectra as functions of horizontal wave num-
Comparison of theory with observations
Self-similar buoyant dynamics
Physically, the theory proposed above describes a situation in which buoyant thermal fluctuations stochastically injected through the surface boundary layer drive nonlinear anisotropic convective motions (plumes) in the adiabatic layer. By mixing these thermal fluctuations, turbulent velocity fluctuations drive a horizontal cascade of buoyancy down to thermal dissipative scales, resulting in statistically self-similar buoyant dynamics. This picture appears to be very much in line with the observed phenomenology of flows at scales larger than the granulation, notably the hierarchical, bubbling recurrent dynamics of "trees and families of fragmenting granules" documented by Roudier et al. (2003 Roudier et al. ( , 2009 Roudier et al. ( , 2016 . The dynamics are "quasi-2D" in the sense that there is no refinement of the vertical scale as the horizontal cascade proceeds, but it is 3D in the sense that finite λ r ∼ H ρ is required to ensure mass conservation.
Spectral amplitudes vs. theoretical estimates
We now test for consistency between the observed spectral amplitudes and our theoretical scaling estimates derived by assuming that the observed fluctuations have a convective origin. A fit of the observed E S ( ) ∼ E h (k h )/R to Eq. (19) in the range 120 < < 500 for H ρ 2 Mm gives
On the other hand, a theoretical dimensional estimate of the same quantity can be obtained directly in terms of the solar luminosity L and internal structure of the Sun. The convective flux as a function of horizontal scale, as estimated from Eqs. (15)- (17), is
where c v is the specific heat at constant volume. We see that this flux increases with decreasing horizontal scale 2 . However, this scaling theory is only applicable for λ h λ r . As λ h becomes of the order of λ r ∼ H ρ , there should be a cross-over to the standard isotropic Bolgiano regime δu ∼ λ
in which the cascade proceeds in both horizontal and vertical directions. In this isotropic regime, F c ∼ λ 4/5 , i.e. the convective flux now decreases with decreasing scale λ. We therefore argue that the convective flux peaks at the isotropization scale λ h ∼ λ r ∼ H ρ , and ask for F c at this scale to be of the order of the total solar flux, (Stix 2004) and H ρ 2 Mm in Eq. (23), we obtain the theoretical estimate
which, given the approximate nature of the calculation and the neglect of geometric prefactors in Eqs. (15)- (17) and Eqs. (18)- (20), is quite close 3 to our observational estimate in Eq. (21). Overall, the observed amplitudes therefore seem consistent with a convective origin of the turbulence. Note finally that if this estimate holds, then Eq. (17) suggests relative temperature fluctuations δθ/Θ 0 of the order of a percent at supergranulation scales in the first few Mm below the surface, consistent with helioseismic inferences (e.g., Duvall Jr et al. 1997 ).
Spectral power laws
The horizontal spectral scaling laws predicted by our theory for the vertical and horizontal velocities,
The horizontal kinetic energy, on the other hand, increases with increasing horizontal scale in this regime. This is a consequence of the different anisotropic scalings for u r and u h , and suggests that supergranulation-scale convection, while dominant in terms of horizontal kinetic energy, does not transport a significant fraction of the solar flux. consistent with our observations, as shown in Fig. 4 by the power laws in the relevant range of scales. Different tentative scalings
, derived by naively postulating K41 scalings for the horizontal velocity field and using the mass conservation Eq. (8) with λ r ∼ H ρ to obtain the scaling of the vertical velocity component, are shown for comparison (dotted lines). Such scalings cannot be ruled out given the closeness of their spectral exponents to those of our theory and the aforementioned sensitivity in the determination of E r ( ) to the details of data processing. However, we see no reasonable physical argument as to why or how such an "anisotropic K41" regime would actually be realized in this environment, in contrast with the nonlinear buoyancy regime described above which naturally produces divergent horizontal motions at all scales (which are manifest in Figs. 2 and 3) . At this stage, we do not have a theory for the scalings of the energy spectrum E T ( ) of the weaker horizontal toroidal velocity field, which seems to be only weakly coupled to the spheroidal divergent dynamics.
Finally, at even larger scales ( < 120), beyond the supergranulation spectral break, our observational analysis shows a regime change to an intriguing E S ( ) ∝ 2 . This might be one of the first observations of a large-scale k 2 pre-injection spectrum predicted by Saffman (1967) . In theory, this spectrum is established as a result of long-range pressure correlations in turbulent flows in which fluid "eddies" have a random distribution of linear momentum (Davidson 2004) , as opposed to a random distribution of angular momentum, which would instead result in a k 4 spectrum (Batchelor & Proudman 1956 ). In the solar photosphere, such eddies could perhaps be identified to the supergranulation cells and smaller-scale convective motions.
Discussion
We have presented a set of consistent arguments suggesting that turbulent flows at scales larger than granulation are a manifestation of statistically self-similar, strongly nonlinear convection in the bulk adiabatic layer below the solar surface. While the classic idea that supergranulation has a convective origin has usually been dismissed due to the lack of photometric intensity contrast at the corresponding scales at the surface, helioseismology suggests that relative temperature fluctuations of the order of a few percent are present underneath the surface at such scales (Duvall Jr et al. 1997) , in line with our calculation in Sect. 4.2. Besides, all existing large-scale simulations, including those with radiative transfer which do not display any "meso" or "super" scale intensity contrast at the surface, exhibit a strong buoyancy driving and flows at such scales in the bulk of the convective layer (e. g., Rincon et al. 2005; Nordlund et al. 2009; Bushby & Favier 2014; Lord et al. 2014; Cossette & Rast 2016 , see also Rieutord & Rincon (2010) , Fig. 12 ). Importantly, in these simulations these scales are significantly larger than that of the most unstable linear modes of the system at rest, and the statistical order at such scales emerges dynamically in the nonlinear regime. If there are indeed significant thermal fluctuations associated with supergranulation-scale convection in the first few Mm below the surface, they may be blanketed by the thinner thermal granulation boundary layer, or could be optically thick due to the extreme dependence of opacities on temperature (Nordlund et al. 2009 ). Our theory also suggests that anisotropic supergranulation-scale convection, although it generates strong horizontal flows, does not significantly contribute to the transport of thermal energy due to the weakness of the radial component of the velocity field at such scales.
We do not have a quantitative answer as to what determines the spectral supergranulation break, and can only offer directions. Our theory predicts that thermal fluctuations increase with scale as E θ ( ) ∝ −9/5 in the nonlinear convection regime. However, there is a physical limit to how large such fluctuations can be, which could determine the maximum buoyant scale at which the self-similar scaling should break down. This limit should be related in some way to the maximum entropy fluctuations that can be injected into the adiabatic layer and, therefore, to the details of granulation and of the superadiabatic thermal boundary layer at the surface. This conclusion appears to be in line with the recent numerical simulations of this problem by Cossette & Rast (2016) , which show that the thickness of the boundary layer has a strong effect on the energy-containing scale of the turbulent energy spectra. However, other physical explanations (e.g., Featherstone & Hindman 2016 ) cannot be ruled out at this stage.
Based on our experience with this data, the observational analysis and comparison with theory presented above are close to the limit of what is achievable with a combination of surface tracking and direct Doppler measurements given their disparate natures. Future progress will probably come from acoustic tomography (Toomre & Thompson 2015) and advanced numerical models. While somewhat speculative at this stage, our theory, including Eqs. (18)- (20), may soon be testable using such tools.
The qualitative implications of such analyses could be wider than the solar context. They may notably provide us with fundamental insights into the structure of anisotropic turbulence in general (e.g., Nazarenko & Schekochihin 2011), as well as into turbulence in more distant, unresolved astrophysical systems supporting anisotropic waves or instabilities, such as stellar interiors (Zahn 2008; Miesch & Toomre 2009 ), galaxy clusters (Zhuravleva et al. 2014) or accretion discs (Walker et al. 2016) .
